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Abstract
We introduce topological vector edge solitons in a Floquet insulator, consisting of two honeycomb arrays of
helical waveguides with opposite directions of rotation in a focusing nonlinear optical medium. Zigzag edges
of two arrays placed in contact create a zigzag-zigzag interface between two structures with different topology.
A characteristic feature of such a photonic insulator is that, in the linear limit, it simultaneously supports
two topologically protected chiral edge states at the interface between the two arrays. In the presence of
nonlinearity, either bright or dark scalar Floquet edge soliton can bifurcate from a linear topological edge state.
Such solitons are unidirectional and are localized in both directions, along the interface due to nonlinear self-
action, and across the interface as being an edge state. The presence of two edge states with equal averaged
group velocities enables the existence of stable topological vector edge solitons. In our case these are nonlinearly
coupled bright and dark solitons bifurcating from different branches of the topological Floquet edge states. Here
we put forward a new mathematical description of scalar and vector small-amplitude Floquet envelope solitons
in the above-mentioned continuous system. Importantly for the design of future photonic devices based on
Floquet edge solitons, we find that the latter can be described by nonlinear Schro¨dinger equations for the mode
envelopes obtained by averaging over one rotation period in the evolution coordinate.
Keywords
Topological insulators, spatial solitons, vector solitons, Floquet states, helical waveguide, nonlinear Schro¨dinger
equation.
Introduction
Topological insulators, originally introduced and still very
actively studied in solid state systems (see reviews1,2 and ref-
erences therein), feature the unique ability to support topo-
logically protected edge states enabling conductance, even
though in the bulk the materials behave as conventional in-
sulators. Nowadays topological insulation is recognized as
a universal physical phenomenon encountered in diverse ar-
eas of science. Topological insulators and topologically pro-
tected transport were introduced theoretically and demon-
strated experimentally in mechanical systems,3 acoustics,4,5
systems of cold atoms in optical lattices,6,7 atomic Bose-
Einstein condensates,8 polariton condensates,9,10 and, most
notably, in optical systems11 (see also reviews12,13), includ-
ing gyromagnetic photonic crystals,14,15 arrays of coupled
resonators,16,17 arrays of helical waveguides,18 metamate-
rial superlattices,19 and various dissipative systems allowing
realization of topological lasers.20–23
One of the most successful approaches to the realization
of topological insulators in optical systems relies on periodic
driving, i.e., on periodic modulation of the parameters of a
system in the evolution variable. The importance of peri-
odic driving as a powerful tool for control and manipulation
of the evolution of the excitations was recognized long ago
in quantum mechanics (see e.g. the reviews,24,25 as well
as more recent studies26–29). Periodically driven optical or
optoelectronic systems have been used for the implemen-
tation of anomalous topological insulators;30–32 the obser-
vation of optical Weyl points,33 topological Anderson insu-
lators,34–36 topologically protected bulk states in synthetic
dimensions,37 topologically protected path entanglement,38
fractal topological spectrum in helical quasicrystals,39 guid-
ing light by the artificial gauge fields,40 resonant switching41
and control of the propagation velocity42 of the topological
states, and several other spectacular phenomena. It was also
shown that driven topological systems, such as helical arrays,
can be characterized by special topological invariants.43
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Periodic driving may break time-reversal symmetry. In
combination with Dirac degeneracies in the spectrum of
the system, this may lead to the appearance of unidirec-
tional topologically protected edge states, which are immune
to backscattering.26–28 In Optics this phenomenon was ob-
served experimentally in helical waveguide arrays.18
One of the major advantages of the optical systems, that
remains largely unexplored in the context of the Floquet
insulators, is that such systems can be strongly nonlinear.
Nonlinearity opens new routes for the control of the topolog-
ical edge states, and, most importantly, it enables new phe-
nomena. These include modulational instability and topo-
logical edge solitons, which inherit topological protection
against scattering into the bulk modes and remain localized
upon motion along the edge of a topological insulator. To
date, topological edge solitons have been studied mainly in
undriven systems, such as polariton topological insulators44
admitting bright45 and dark46,47 quasi-solitons, as well as
rich bistability effects.48
Solitons in Floquet insulators have received less atten-
tion. So far, only compact scalar (single-component) self-
sustained excitations have been found numerically at the
self-induced edges49 or at real interfaces50,51 of the non-
linear Floquet topological insulators. Such states emerge
upon the development of the modulational instability of the
edge states. While tight-binding description of the edge soli-
tons in Floquet topological insulators has been developed
in,52,53 the theory of such unusual excitations describing
their bifurcation from the linear Floquet-Bloch modes for
genuinely continuous systems, in the limit opposite to the
tight-binding one, is still missing. Indeed, the development
of such a description is not straightforward in modulated sys-
tems, because the model should describe bifurcation of the
families of the envelope solitons from the continuous linear
Floquet-Bloch states performing regular z-dependent oscil-
lations, i.e., the description of the evolution of the z-averaged
envelope must be constructed.
The aim of this paper is twofold. First, we present a math-
ematical description of the envelope topological edge solitons
existing in periodically driven continuous optical systems
that substantially differs from the standard theory of gap
solitons in stationary (i.e., undriven) periodic systems (see
e.g.54,55). We show that the developed theory accurately
describes the profiles of the envelope Floquet edge solitons
in continuous arrays of helical waveguides and allows to de-
termine optimal for their excitation parameters of the un-
derlying helical structure, thereby laying the ground for the
experimental observation of such states. Second, we propose
a realistic structure involving two waveguide arrays with op-
posite directions of waveguides rotation that can support
two coexisting edge states at one interface. We show that
solitons constructed on these two states can couple to form
previously unknown dark-bright composite vector Floquet
edge solitons, and extend our theory to this vector system.
Theory of envelope solitons in Flo-
quet insulators
Floquet-Bloch states
We address the propagation of light in a Kerr nonlinear
medium whose refractive index is modulated periodically
along the propagation axis z and in the transverse plane
along y direction. Such medium is described by a periodic
optical potential U(r, z) = U(r, z+T ) = U(r+Ljˆ, z), where
T and L are the respective periods. In the paraxial approx-
imation a light beam launched in such medium is described
by the nonlinear Schro¨dinger (NLS) equation for the dimen-
sionless field amplitude ψ:
i∂zψ = H0(r, z)ψ − |ψ|2ψ. (1)
Here
H0(r, z) ≡ −1
2
∇2 + U(r, z), (2)
is the linear Hamiltonian, ∇ = (∂x, ∂y), and r = xiˆ + yjˆ is
the radius-vector in the transverse plane. The last term in
Eq. (1) accounts for the focusing nonlinearity of the material.
An important and experimentally feasible example of such
a medium is a combination of two honeycomb arrays of heli-
cal waveguides, schematically illustrated in Fig. 1(a) (three-
dimensional representation) and in Fig. 2 (two-dimensional
cross-section at z = 0). All waveguides are characterized by
equal helix radii r0, but with opposite rotation directions in
the two arrays, as shown by the circles with arrows in Fig.
2. All waveguides have the same longitudinal helix period T
along the z-axis and are separated by the distance d. The
first array is located at −`x ≤ x ≤ −(δ + d)/2 and has a
zigzag boundary at x = −(δ + d)/2, while the second array
is located at (δ+ d)/2 ≤ x ≤ `x and has zigzag boundary at
x = (δ + d)/2. Thus a zigzag-zigzag interface is formed at
x = 0 (it is shown by the dashed blue line in Fig. 1(a) and
2). The introduced parameter δ is additional spacing along
the x-axis between two arrays, so that the distance between
the nearest waveguides belonging to different arrays at z = 0
is equal to d + δ (Fig. 2). The parameter δ will be used to
control the linear spectrum of the system and it is crucial for
the formation of the edge states at the created zigzag-zigzag
interface. Both arrays (and hence the entire structure) are
periodic along the y-axis with a period L = 31/2d.
The optical potential describing such arrays can be writ-
ten for the left (x < 0) and right (x > 0) arrays marked by
the subscripts ”−” and ”+”, respectively. Evidently, it is
U(r, z) = U−(r, z) + U+(r, z), where
U±(r, z) = −p
∑
m,n
e−|r−rnm∓iˆ(δ+d)/2−r0s(±z)|
4
/σ4 . (3)
In this expression s(z) = (sin(ωz), cos(ωz)) describes he-
licity of the waveguides,49,50,53 rmn are the coordinates of
the knots of the honeycomb lattice identified by the inte-
gers m and n, σ is the width of a single waveguide, and p
is the potential depth. Here we use the dimensionless units
in which the transverse coordinates x, y are scaled to the
characteristic width w, propagation distance z is scaled to
the diffraction length k0w
2, where k0 is the wavenumber,
while potential depth created by the refractive index mod-
ulation is given by p = max(δn)k20w
2/n. Having in mind
a potential realization of our system with fs-laser written
waveguide arrays in fused silica, we select dimensionless pa-
rameters d = 1.6, σ = 0.4, and p = 8.9 equivalent to 16 µm
separation between neighbouring waveguides of width 4 µm
(hereafter we use characteristic transverse scale w = 10 µm),
real refractive index modulation depth of 6.5 · 10−4 at the
wavelength λ = 800 nm, and propagation length of z = 1
corresponding to 1.14 mm, in accordance with typical ex-
periments.18
Below we consider large, but finite y-window: |y| ≤ `y
2
Figure 1: Schematic illustration of two arrays of helical waveguides with opposite directions of rotation (a). Prop-
agation constants b of the modes supported by the array versus normalized Bloch momentum k/K for the helix
periods T = 10 (b)-(d) and T = 6 (e)-(g) and radius r0 = 0.4. Branches marked with α and β correspond to the edge
states emerging at the zigzag-zigzag interface [see the blue dashed line in (a)]. The spectra are shown for different
separations between the arrays: δ = 0.6 (b),(e), δ = 0.9 (c),(f), and δ = 1.2 (d),(g). Negative group velocities b′ (h)
and group-velocity dispersion b′′ (i) for α and β branches of the edge states at T = 10, δ = 0.9. Dashed lines in (h)
and (i) correspond to b′ = 0 or b′′ = 0.
Figure 2: Refractive index distribution in the array of
helical waveguides at z = 0. Green and yellow circles
with arrows show waveguide trajectories and rotation
directions in z. Blue dashed line indicates zigzag-zigzag
interface located at x = 0.
with `y = nL where n  1 is a large integer, and impose
periodic boundary conditions at y = ±`y. The arrays are
considered large enough also along the x-axis, i.e., `x  d.
The outer array boundaries in the x-direction are bearded
[they are not shown in Fig. 1(a) and 2, since we do not
use edge states arising at those boundaries]. The boundary
conditions at x = ±`x are formally zero. Since Floquet edge
states are exponentially localized around x = 0 they are not
affected by the imposed boundary conditions.
We start with the discussion of a solution ψ˜ of the linear
problem
i∂zψ˜ = H0(r, z)ψ˜. (4)
By construction, the Hamiltonian H0 is invariant with re-
spect to two discrete translations: H0(r+Ljˆ, z) = H0(r, z+
T ) = H0(r, z). Due to the T−periodicity and unitary evo-
lution, one can always define a basis, such that a given
state of this basis returns to itself up to some phase.43,56
Let us consider one such state (a Floquet state) and de-
note the respective phase by χ. Such Floquet state can
be represented in the form ψ˜(r, z) = φ(r, z)eibz, where
b = χ/T ∈ [−ω/2,+ω/2) with ω = 2pi/T . In this rep-
resentation φ(r, z) is T−periodic, φ(r, z) = φ(r, z + T ),
eigenstates of the operator28 H := i∂z − H0, and b is
the corresponding eigenvalue. The operator H commutes
with the L−translations along y−axis. Hence at a given
z the state φ(r, z) has the Bloch-wave form: φ = φν,k ≡
uν,k(r, z)e
iky, where the functions uν,k are both T - and L-
periodic: uν,k(r, z) = uν,k(r + Ljˆ, z) = uν,k(r, z + T ), k is
the Bloch momentum in the first Brillouin zone along the
y-axis, k ∈ [−K/2,+K/2) with K = 2pi/L, and the index
ν = 1, 2, . . . enumerates the allowed bands and the edge
states (if any). Respectively the Floquet-Bloch states can
be supplied by the band and momentum indexes, and we
have:
Hφν,k = bν,kφν,k. (5)
Since, the only change of a state ψν,k = φν,ke
ibν,kz over one
period T is the phase χν,k = bν,kT , we will refer to bν,k as
propagation constant.
Below we will need only propagation constants for a given
momentum k, at which nonlinear modes bifurcate from the
linear state. For such k the propagation constants can be
ordered in accordance with the rule: bν1,k ≥ bν2,k for ν2 ≥
ν1, where the equality takes place if at a given k the level
crossing occurs. We will assume that no crossing occurs
for topological Floquet-Bloch edge branches. Floquet-Bloch
states can be chosen orthogonal and normalized (see (23) in
Appendix A).
Effective nonlinear Schro¨dinger equation
Suppose now that the linear array, governed by the Hamilto-
nian H0, possesses a chiral topological Floquet-Bloch edge
state ψα,k(r, z) with a given momentum k. We are inter-
ested in the family of localized nonlinear modes bifurcating
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from the state ψα,k(r, z). For z-independent Hamiltonians,
families of nonlinear solutions bifurcating from linear modes
can be obtained using multiple-scale expansion, whose start-
ing point is the stationary eigenvalue problem for the linear
Hamiltonian (see e.g.54,55). For z-dependent Hamiltonians
this multiple-scale approach must be considerably revised.
To this end we introduce a formal small parameter 0 <
µ  1, two sets of formally independent scaled vari-
ables (y0, y1, y2, ...) := (y, µy, µ
2y, ...) and (z0, z1, z2...) :=
(z, µz, µ2z, ...), and look for a solution of the NLS equation
(1) with the linear Hamiltonian (2), in the form of the ex-
pansion
ψα = µe
ibα,kz0
[
Aα(y1, z1)φα,k + µφ
(1) + µ2φ(2) + · · ·
]
.
(6)
Hereafter we use the convention that in the arguments of
the amplitudes only the slowest variables are indicated, e.g.
Aα(y1, z1) stands for a slowly varying amplitude that may
depend on the variables {y1, y2, . . .} and {z1, z2, . . .}. The
state φα,k depends only on the ”fast” variables (y0, z0): it
solves Eq. (5). In the scaled variables the linear Hamiltonian
can be rewritten as
H0 = H˜0 + µH˜1 + µ
2H˜2 + · · · , (7)
where H˜0 is given by (2) with y and z replaced by y0 and z0,
H˜1 = −∂y0y1 , and H˜2 = −∂y0y2 − (1/2)∂2y1 . Next, one sub-
stitutes the above expansion (6) into Eq. (1), separates the
terms in different µ-orders, and solves the obtained equa-
tions one by one to define the expansion terms φ(j), as well
as the envelope Aα(y1, z1).
The choice (6) ensures that the equation, obtained in the
first order of µ is satisfied automatically. Turning to the
next orders, we look for functions φ(j) from (6) in the form
of expansions
φ(j)(y1, z0) =
∑
ν
C
(j)
ν,k(y1, z0)φν,k. (8)
To guarantee T -periodicity of the functions φ(j)(y1, z0) with
respect to z0, the expansion coefficients must be also T -
periodic: C
(j)
ν,k(y1, z0) = C
(j)
ν,k(y1, z0 + T ). Two observations
about this expansion are in order. Like in the standard
multiple-scale expansion used for undriven systems,54,55 the
orthogonality of the Bloch states with different Bloch mo-
menta allows one to account in (8) only for Bloch modes
having the same momentum k as the mode in the leading
order has. For this reason no summation over momenta is in-
cluded in (8). At the same time, in contrast to the standard
multiple-scale expansion, the sum in (8) must include the
term with the leading-order state φα,k(y1, z0), i.e., at ν = α.
This is due to the nature of our periodically driven system,
where propagation constant bα,k determines the phase in-
crease after a period T of evolution, rather than at any z.
In the µ2−order we obtain the equation [cf. (31)]
i
∂Aα
∂z1
φα,k +
∂Aα
∂y1
∂φα,k
∂y0
=
∑
ν
[
1
i
∂C
(1)
ν,k
∂z0
+ (bα,k − bν,k)C(1)ν,k
]
φν,k. (9)
Projecting this equation on φα,k and, using T -periodicity of
the modes φν,k, and perform averaging over the period T
according to the definition 〈f〉T = (1/T )
∫ T
0
f(r, z)dz. we
arrive at the equation ∂z1Aα + vα,k∂y1Aα = 0, in which
vα,k = −b′α,k = −〈(φα,k, i∂y0φα,k)〉T (10)
is the average group velocity of the mode (see Appendix B),
and prime stands for derivatives with respect to k, e.g.
b′α,k = dbα,k/dk. Thus, the envelope Aα depends on the
z1 and y1 coordinates only through their combination Y =
y1 − vα,kz1, that can be expressed as Aα = Aα(Y ; y2, z2).
The expansion coefficients C
(1)
ν,k entering (8) are calculated
similarly to the coefficients c
(1)
ν,k from Appendix B [see Eqs.
(30)–(34)] that yields C
(1)
ν,k = −ic(1)ν,k∂y1Aα.
Passing to the µ3−order equation we observe that the
linear dispersive terms in it are considerably simplified after
application of 〈(φα,k, ·)〉T to it. Using the expression for
the group velocity dispersion (37) (derived in Appendix B,
where y and z must be replaced by y0 and z0) and the above
expression for C
(1)
ν,k we obtain
1
2
∂2Aα
∂y21
+ i
〈∑
ν 6=α
Vν,k
∂C
(1)
ν,k
∂y1
〉
T
= − b
′′
α,k
2
∂2Aα
∂Y 2
(11)
where
Vν,k = −(φα,k, i∂y0φν,k). (12)
Finally, we take into account the nonlinear term and require
that the envelope Aα is independent of slow variable y2,
and employ the Fredholm alternative (i.e., eliminate secular
terms). In this way we obtain the effective NLS equation:
i
∂Aα
∂z
− b
′′
α,k
2
∂2Aα
∂Y 2
+ χα|Aα|2Aα = 0, (13)
where the formal small parameter µ is set to one, i.e., now
Y = y−vα,kz, and the averaged nonlinear coefficient is given
by
χα = 〈(|φα,k|2, |φα,k|2)〉T . (14)
Spectrum of the linear array
To illustrate the possibility of the formation of the edge soli-
tons in our system, we first analyse its Floquet spectrum
in the linear limit and establish the existence of topologi-
cal edge states. To compute the linear spectrum bα,k we
use propagation-projection method developed in.32 First, we
obtain Bloch modes φ˜ν,k(r) = u˜ν,k(r)e
iky, where u˜ν,k(r) =
u˜ν,k(r + jˆL), for the two upper bands in the spectrum of
the Hamiltonian H0(r, 0) defined by (3) at z = 0 (it can
be interpreted as the Hamiltonian describing the array of
straight waveguides). Each such mode φ˜ν,k is normalized
according to (23). Next, these Bloch modes are allowed
to evolve, according to (4), along one period T of the lin-
ear helical array with a given r0 > 0. The output distri-
butions ψ
(T )
ν,k (r) = ψ˜ν,k(r, T ) corresponding to the inputs
ψ˜ν,k(r, 0) = φ˜ν,k(r), are projected on the input modes that
yields 2n×2n monodromy matrix Hνν′(k, k′) = (φ˜ν,k, ψ(T )ν′,k′)
(here n is the number of waveguides in one y-period of the
structure). The eigenvalues of Hνν′(k, k
′) obtained in the
form of characteristic multipliers exp(ibν,kT ) yield the Flo-
quet spectrum bν,k of the helical waveguide array. In numer-
ical simulations we found that bν,k feature negligible imagi-
nary parts, for a typical rotation radius r0 = 0.4 (4 µm), i.e.
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radiative losses in helical waveguides are weak.
The obtained linear spectra bν,k are illustrated in
Figs. 1(b)-(g) for two representative helix periods T = 10
(b)-(d) and T = 6 (e)-(g), which in the physical units corre-
spond to the periods of 11.39 mm and 6.83 mm. Waveguide
rotation opens a topological gap in the spectrum around
specific Dirac points k = K/3 and k = 2K/3.18 Since
waveguides in different arrays rotate in the opposite direc-
tions stimulating in this way currents in the same direction,
two branches of the topological edge states appear at the
zigzag-zigzag interface between the arrays [shown by the
dashed line in Fig. 1 (a)]. In Fig. 1 (b)-(g) these branches
are denoted by α and β. The existence of two chiral edge
states will be used below for the excitation of topological
vector edge solitons. The topological edge states α and β
arise in the interval K/3 < k < 2K/3 of the Bloch mo-
menta. The edge states emerging in the adjacent intervals
k < K/3 and k > 2K/3 are associated with far-away outer
bearded boundaries of two arrays and are not considered
here. Notice that the α and β edge state branches naturally
merge when spacing δ between two arrays increases and
arrays become independent. In contrast, when δ → 0 the
propagation constants of two edge states separate more and
more and tend to merge with bulk bands.
Below we typically use helix period T = 10, since radiation
is negligible in this case. Notice, that at this period one
observes Floquet band folding because bands of static array
do not fit into longitudinal Brillouin zone of width 2pi/T .
Further significant increase of the rotation period can lead
to stronger folding resulting in closure of the topological gap.
The folding disappears for smaller periods. For example, for
the period T = 6 band folding is not observed since two
bands entirely fit into the longitudinal Brillouin zone. At the
same time, for this last case in the presence of nonlinearity
we will observe the increase of the radiation losses of solitons.
Thus, we will need to find the optimal parameters of the
arrays such that, on the one hand, the band folding does
not close the topological gap, and on the other hand the
radiative losses of edge solitons remain negligible.
Examples of the dependencies of the derivatives b′ν,k and
b′′ν,k, where ν = α, β, on k are illustrated in Fig. 1(h) and
Fig. 1(i), respectively. Remarkably, the group velocities,
vν,k = −b′ν,k, and group velocity dispersion, v′ν,k = −b′′ν,k, of
two edge states can have the same as well as opposite signs
depending on the k values. The central finding for the exis-
tence of vector edge solitons (see below) is that there exists
the value of Bloch momentum k ≈ 0.51K for which group
velocities of two edge states are equal, while the respective
group velocity dispersion has opposite signs.
Scalar bright and dark edge soli-
tons
We now consider scalar nonlinear edge solitons. Since
χα > 0, Eq. (13) predicts a possibility of formation of ei-
ther bright (if b′′α,k < 0) or dark (if b
′′
α,k > 0) envelope edge
solitons, which bifurcate from the linear Floquet-Bloch edge
state ψα,k belonging to either α or β branches. The respec-
tive stationary solutions of Eq. (13) are given by
Aα = (2b
nl
α /χα)
1/2 sech[(−2bnlα /b′′α,k)1/2Y ]e−ib
nl
α z, (15)
for a bright soliton (b′′α,k < 0) and
Aβ = (b
nl
β /χβ)
1/2 tanh[(bnlβ /b
′′
β,k)
1/2Y ]e−ib
nl
α z, (16)
for a dark soliton (b′′β,k > 0). In these formulas b
nl
α > 0
and bnlβ > 0 are detunings of the propagation constants from
their linear values, bα,k and bβ,k, arising due to the nonlin-
earity. They determine also the amplitudes and widths of
the solitons.
In Fig. 3 we illustrate the evolution of bright (the left
column) and dark (the right column) scalar edge solitons
bifurcating, respectively, from the α and β branches at the
same Bloch momentum k = 0.51K [see Fig. 1(i)]. The initial
conditions in Eq. (1) for these soliton solutions are taken as
Aν(y, 0)φν,k(r, 0) with Aα and Aβ given by (15) and (16),
respectively. Here and below for illustration of the evolution
of edge solitons we use the separation δ = 0.9 (9 µm in the
physical units) between two arrays.
One can see that both bright and dark scalar edge solitons
move along the edge without notable modifications in their
shapes, even though they traverse more than one hundred of
z-periods of the structure. There is almost no radiation into
the bulk of the lattice for selected r0 and T values. More-
over, no signs of background instability are visible for dark
soliton. To prove that these states are indeed supported by
the nonlinear self-action in Fig. 4 we compare the evolution
of peak amplitude of the wavepacket (15) in nonlinear (anlin,
red curve) and linear (alin, black curve) medium. One can
see that after the initial transient interval z ∼ 100, where the
peak amplitude anlin slightly decreases, a soliton acquires an
amplitude that on average remains almost constant in z. In
contrast, without nonlinearity we observe strong asymmet-
ric expansion of the wavepacket and its peak amplitude alin
substantially decreases.
The existence of the transient period of evolution is a dis-
tinctive feature of the excitation of the analytically found
envelope edge solitons in a driven system. Such behavior
is directly related to other observations as follows. First,
the solitons experience small oscillations of their widths (of
notches, in the case of dark solitons). Second, the ampli-
tudes of the numerically found solution undergo small T -
periodic oscillations, as one can see in the inset of Fig. 4. In
order to understand these phenomena, we recall that while
in the case of gap solitons in stationary arrays, the pertur-
bation arising in the first order of multiple-scale expansion
is orthogonal to the wavefunction of the leading order, this
is not the case for arrays with helical waveguides. Now the
term containing C
(1)
α,k(z0) in the expansion (8) is nonzero and
can be included into the explicit expression for the envelope,
thus leading to the correction accounting for oscillations of
the soliton velocity. Indeed, let us consider the respective
term simultaneously with the leading approximation in the
expansion (6). We compute
Aα(y − vα,kz)− c(1)α,k(z)
∂Aα
∂y
≈ A(y − vα,kz − c(1)α,k(z))
= Aα
(
y −
∫
Vα,k(z)dz
)
, (17)
where we took into account (33). Thus the maximum of
the envelope in fact propagates with the oscillating velocity
Vα,k(z). Furthermore, the amplitude Aα found as a result of
averaging over one period, is the envelope of the T -periodic
mode φα,k(r, z) (see (6)). Thus using either (15) or (16) at
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Figure 3: Evolution of a scalar bright (left column) and scalar dark (right column) edge solitons in the array with
the helix period T = 10 and radius r0 = 0.4. The solitons belong to the families bifurcating from the linear Floquet
modes, ψα,k and ψβ,k with k = 0.51K, respectively, and correspond to b
nl
α = 0.005 (b
′′
α = −0.9143) and bnlβ = 0.005
(b′′β = 0.6266). The effective nonlinear coefficients are χα = 0.3876 and χβ = 0.4091. To ensure field periodicity on
large, but finite y-window a pair of well-separated dark solitons is simultaneously nested on the Bloch wave in the
right column.
Figure 4: The peak amplitude of the scalar bright edge
soliton launched into linear and nonlinear medium. All
parameters are shown in the caption to Fig. 2. The inset
shows amplitude evolution over five lattice periods to
stress its nearly periodic oscillations.
z = 0 we use the initial condition valid for the average so-
lution in order to simulate dynamics of the exact solution.
On this reason, due to slight reshaping at the initial stage
a small fraction of the input power is transferred into radi-
ation.
Vector bright-dark edge solitons
We now turn to the two-component, alias vector, Floquet
edge solitons. Such solitons involve modes belonging to dif-
ferent families of the nonlinear solutions bifurcating from
two different branches of the linear Floquet spectrum. A cru-
cial condition for the existence of vector solitons is the equal-
ity of the group velocities of the involved edge states for the
mentioned momentum k. The coupling of the components of
vector solitons is mediated by the nonlinearity corresponding
to the cross-phase modulation (XPM). Observation of vec-
tor edge solitons enabled by periodic driving is not obvious,
because envelope equations are obtained only for averaged
quantities, while instantaneous group velocity of each com-
ponent actually oscillates independently, as shown in (17).
These velocity oscillations are generally different for differ-
ent modes, i.e., generally speaking Vα,k(z) 6= Vβ,k(z). In this
section we show that in spite of this periodic group-velocity
mismatch, vector solitons in Floquet topological insulators
do exist.
At the first step, we generalize the average equations for
the slowly varying amplitudes to the case of two modes,
denoted by subscripts α and β, which for a given k have
equal averaged group velocities, i.e., vα,k = vβ,k = v. In this
vector case the envelope-soliton solution is searched in the
form [cf. (6)]
Ψ = µ
[
Aα(y1, z1)ψα,ke
ibα,kz0 +Aβ(y1, z1)ψβ,ke
ibβ,kz0
]
+
∑
j=1
µj+1
[
φ
(j)
α,ke
ibα,kz0 + φ
(j)
β,ke
ibβ,kz0
]
. (18)
The derivation closely follows the steps outlined for the
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scalar solitons. Since the effect of the nonlinearity, and
hence of the coupling, appears only in the third order of
the multiple-scale expansion, we do not show all details of
the derivation and present only the final effective coupled
NLS equations for the envelopes:
i
∂Aα
∂z
=
b′′α,k
2
∂2Aα
∂Y 2
− (χα|Aα|2 + 2χ|Aβ |2)Aα, (19)
i
∂Aβ
∂z
=
b′′β,k
2
∂2Aβ
∂Y 2
− (2χ|Aα|2 + χβ |Aβ |2)Aβ , (20)
where Y = y− vz, the nonlinear coefficients χα, χβ describ-
ing self-phase modulation are given by (14), and the XPM
is characterized by χ = 〈(|φα,k|2, |φβ,k|2)〉T .
For the branches α and β equal group velocities [crossing
of the lines in Fig. 1(h)] are achieved at k = 0.51K, where
4χ2−χαχβ > 0. Taking this into account, in order to ensure
the stability of the nonzero background of the mode sup-
porting dark soliton, we consider nonlinear coupling between
bright solitons emerging from the branch α and dark solitons
emerging from the branch β. Vector bright-dark soliton so-
lutions of Eqs. (19), (20), are found numerically in the form
Aν = wν(Y )exp(ib
nl
ν z) (ν = α, β) using the Newton method.
Examples of the profiles of such vector solitons are presented
in Figs. 5(a) and (b). We characterize these nonlinear states
using the peak amplitudes of the bright aα = max |wα| soli-
ton and the amplitude of the carrier wave background for
the dark soliton aβ = max |wβ |. Families of the vector soli-
tons are illustrated in Fig. 5(c) by the dependencies of peak
amplitudes on the ratio bnlβ /b
nl
α . Solitons exist for b
nl
β values
ranging from 0 to bnlα /2. At b
nl
β → 0 the dark component dis-
appears, while at bnlβ → bnlα /2 the bright component looses
exponential localization.
In Fig. 6 we show evolution of a dark-bright Floquet
edge soliton constructed using numerically obtained enve-
lope from the system (19), (20) imposed on the correspond-
ing Bloch modes φα,k and φβ,k. As in the case of scalar
solitons, one can see that at the initial transient stage the
peak amplitude of the bright component slightly decreases,
after which coupled vector state forms and moves along the
interface over considerable distances remaining almost un-
changed. Only at the later stages of propagation we observe
small distortions of the dark component, presumably arising
due to higher-order dispersive effects. The possibility of the
formation of vector edge solitons, never discussed before, to
the best of our knowledge, is one of the central results of
this work.
The theory developed here is accurate for sufficiently
broad solitons, whose envelopes cover at least several peri-
ods along the interface. Description of narrower excitations
(desirable for experiments) would require inclusion of the
higher-order dispersion terms into the equations for the en-
velopes. We found that radiation from solutions obtained in
current second-order approximation notably increases when
they shrink to several sites of the structure. However, after
initial transient stage, when input narrow soliton broadens,
it reaches steady state with new, larger width and prop-
agates as metastable, i.e., very weakly decaying, localized
pulse.
We have also verified that the results described here re-
main valid for larger helix radii r0 or smaller helix periods T .
Increasing r0 or decreasing T is beneficial from the point of
view of potential experimental observation of Floquet edge
solitons, because this leads to increase of soliton velocity and
Figure 5: Envelopes of vector edge solitons correspond-
ing to bnlβ = 0.001 (a) and b
nl
β = 0.005 (b) [see dots
in panel (c)] and obtained for bnlα = 0.01, k = 0.51K.
(c) Amplitude of the bright soliton component aα =
max|uα| and of the background of the dark soliton com-
ponent aβ = max|wβ | of the vector edge solitons versus
bnlβ /b
nl
α at b
nl
α = 0.01.
more pronounced soliton shifts along the edge over experi-
mentally accessible sample lengths. At the same time, this
also leads to increasing radiative losses and drives the system
into regime, where developed theory may become inapplica-
ble. However, here we propose an approach that still allows
one to obtain quasi-solitons even in arrays with smaller helix
periods.
For instance, for helix period T = 6 one can still utilize
the formula for the envelope of a bright soliton (15), delib-
erately taking an amplitude somewhat increased in compar-
ison with the analytical prediction (for the same width of
the wavepacket). The example of propagation of the scalar
bright soliton generated using this kind of the initial condi-
tions is shown in Fig. 7, where the helix radius is r0 = 0.4,
the longitudinal period is T = 6, and the initial amplitude is
increased by 50% in comparison with analytical prediction.
Here b′′α = −0.7944 and bnlα = 0.015. Even though one can
observe a considerable decrease in amplitude at the initial
stage of evolution, subsequently the amplitude stabilizes and
remains almost constant. Notice substantially larger veloc-
ity of soliton motion in comparison with Fig. 3. Now one
can observe a small amount of radiation into the bulk of the
array that gradually reduces the soliton amplitude.
The results presented in Fig. 7 confirm that topological
edge solitons should be observable in fs-laser written helical
waveguide arrays. Indeed, already after z = 200 correspond-
ing to realistic propagation distance of about 22.8 cm in
accordance with normalization used here, one observes con-
siderable displacement of the edge soliton along the interface
that should be easily detectable in the experiment. More-
over, since experiments are typically conducted with finite
7
Figure 6: Evolution of a vector edge soliton with bnlα = 0.010, b
nl
β = 0.001 bifurcating from the families of the edge
modes α and β at k = 0.51K. The respective nonlinear coefficients are χα = 0.3876, χβ = 0.4091 and χ = 0.3965.
The parameters of the array are T = 10 and r0 = 0.4. Bright and dark components are shown in left and right
columns, respectively.
structures, we verified that our results, obtained for suffi-
ciently large waveguide arrays, remain valid also for finite-
width honeycomb ribbons containing only three honeycomb
cells at each side of the interface. We found practically no
difference in conditions for soliton excitation and in soliton
evolution dynamics in such finite structures that can be eas-
ily fabricated.
Finally, to illustrate that solitons reported here are topo-
logically protected entities that inherit this property from
the linear edge states, we consider the interaction of the mov-
ing bright edge soliton with a defect in the form of two miss-
ing waveguides at the interface between two helical waveg-
uide arrays. Despite the presence of such considerable de-
formation of the structure, the soliton passes the defect [see
Fig.8] practically without radiation into the bulk and with-
out any noticeable backscattering, restoring its shape after
the defect and remaining localized. Our estimates show that
the passage of the defect by a soliton should be observable
experimentally.
Conclusions
Summarizing, we have put forward a powerful framework
to describe the properties of scalar and vector Floquet edge
solitons in a system realized as two helical waveguide arrays
with opposite rotation directions of waveguides that form a
zigzag-zigzag interface. The theory is based on the multiple-
scale expansion with time averaging and it leads to the aver-
aged equations for the envelope of the Floquet-Bloch modes.
Based on the developed theory we obtained approximate
analytical solutions for stable bright and dark solitons and
confirmed their accuracy by direct numerical simulations.
The ability of the photonic system we addressed to support
two coexisting Floquet-Bloch edge states at one interface en-
ables the formation of new stable topological objects - vector
edge solitons. Remarkably, they are two-dimensional soli-
tons, where confinement in one direction is ensured by the
confinement of the Floquet-Bloch mode, while confinement
along the interface occurs due to nonlinearity. We verified
the accuracy of the developed theory and the stability of
the obtained edge solitons using the continuous nonlinear
Schro¨dinger equation governing light propagation in media
with shallow refractive index modulations. The developed
theory illustrates how periodic driving can be used for the
design of systems allowing observation of a plethora of new
topological nonlinear phenomena. These include the for-
mation of coupled Floquet-Bloch topological soliton states
already shown here, as well as new types of self-sustained ex-
citations, such as Bragg topological solitons and topological
multi-mode interactions. The presence of the two compo-
nents in a topological vector solitons is expected to substan-
tially enrich the physics of the soliton interactions. In par-
ticular, we conjecture that it opens the possibility to arrange
vector edge solitons into stable trains with fixed separation
between solitons travelling along the edge, a phenomenon
that is not possible with scalar states.
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Figure 7: Formation of the bright edge soliton at k =
0.51K in the array with helix period T = 6 and radius
r0 = 0.4. Initial width of the wavepacket corresponds to
bnlα = 0.015, but its amplitude is 50% higher than that
predicted by Eq. (15). Note substantially larger soliton
velocity and radiation in comparison with Fig. 3.
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A Orthogonality of the Floquet-
Bloch states
Applying (φν′,k′ , ·) where
(f, g) =
∫
S
f∗(r, z)g(r, z)dr, S = [−`x, `x]× [−`y, `y],
(21)
to the relation (5), computing its complex conjugate, and
using that bν,k are real and H0 is Hermitian, one obtains
the relation
i
d
dz
(φν′,k′ , φν,k) + (bν,k − bν′,k′)(φν′,k′ , φν,k) = 0. (22)
Thus, if at any given z two Floquet states are mutually
orthogonal, then they are orthogonal at all other z. In
Figure 8: Passage of bright edge soliton corresponding
to k = 0.39K, bnlα = 0.01 through the defect created by
two missing waveguides (see left column) in the array
with T = 6 and r0 = 0.4.
particular, the orthogonality can be imposed by the choice
of the initial conditions φν,k(r, 0) = φ˜ν,k(r) at z = 0,
where φ˜ν,k(r) are the eigenstates of H0(r, z = 0), ensur-
ing (φ˜ν′,k′ , φ˜ν,k) = δνν′δkk′ . It also follows from (22) that
(d/dz)(φν,k, φν,k) = 0. This leads to the normalization con-
dition
(φν,k(r, z), φν′,k′(r, z)) = δνν′δkk′ , (23)
where δkk′ is the Kronecker delta and the inner product is
defined in (21).
B k · p method for a periodically
driven system
Here we obtain the direct expressions of the propagation
constants, group velocities and group velocity dispersion
through the linear Floquet modes. To this end we mod-
ify the well-known k · p method to make it applicable to a
periodically driven system. Since now we deal only with the
linear problem we do not use the scaled variables; meantime
we bear in mind that for applying the obtained results to the
multiple scale expansion developed in the text, the variables
y and z used in this Appendix must be replaced by y0 and
z0, respectively.
The functions uν,k(x, z) solve equation:
i
∂uν,k
∂z
− bν,kuν,k = Hkuν,k (24)
where
Hk = −1
2
∂2
∂x2
+
1
2
(
1
i
∂
∂y
+ k
)2
+ U(r, z) (25)
Consider a state with a band index ν = α which corre-
sponds to a Bloch wavenumber k′ = k + δk where δk is
infinitesimal. On the one hand the Taylor expansion gives
bα,k+δk = bα,k + b
′
α,kδk +
1
2
b′′α,k(δk)
2 + · · · (26)
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On the other hand equation (24) can be rewritten as
i
∂uα,k′
∂z
− bα,k′uα,k′ = Hkuα,k′ +H1δkuα,k′ + 1
2
(δk)2uα,k′
(27)
where H1 = −i∂y + k.
Now we have to compute bα,k′ perturbatively considering
δk as a small parameter. To this end we use the expansions
uα,k′ = uα,k + δk u
(1) + (δk)2u(2) + · · · (28)
bα,k′ = bα,k + δk b
(1) + (δk)2b(2) + · · · (29)
as well as the expansions for u(j)(r, z) over the subset of
functions uν,k(r, z) with the same Bloch vector k:
u(j)(r, z) =
∑
ν
c
(j)
ν,k(z)uν,k(r, z) (30)
All functions uν,k are T−periodic along z. This implies,
that all c
(j)
ν,k(z) also have to be found as periodic functions
of z: c
(j)
ν,k(z + T ) = c
(j)
ν,k(z).
Substituting the above expansions in Eq. (27), collecting
terms up to (δk)2 order, we obtain equations in the orders
δk and (δk)2. In the first order we have
i
∑
ν
dc
(1)
ν,k
dz
uν,k −
∑
ν
(bα,k − bν,k)c(1)ν,kuν,k
−b(1)uα,k = H1uα,k (31)
Applying 〈(uα,k, ·)〉T to this equation and using that due to
the periodicity 〈dc(j)α,k/dz〉T = 0, we compute
b(1) = −〈(uα,k, H1uα,k)〉T = 〈(φα,k, i∂yφα,k)〉T . (32)
Comparing this result with (26) we obtain the expression for
the average group velocity (10).
Next we compute explicit expressions for the coefficients
c
(1)
ν,k for ν = α
c
(1)
α,k(z) = −i
∫ z
0
[Vα,k(ζ)− 〈Vα,k〉T ] dζ, (33)
and for ν 6= α
c
(1)
ν,k =
∞∑
m=−∞
Vmν,k
mω − bα,k + bν,k e
−imωz. (34)
Here Vmν,k are the Fourier coefficients in the expansion of the
T−periodic function Vν,k(z) introduced in (12):
Vν,k =
∞∑
m=−∞
Vmν,keimωz, (35)
and the overbar stands for the complex conjugation. No-
tice that since |bα,k − bν,k| < ω the denominator in (34) is
different from zero.
Turning to the next order, we apply 〈(uα,k, ·)〉T to equa-
tion obtained in the (δk)2 order. This gives
b(2) = −1
2
−
∑
ν 6=α
〈
(uα,k, H1uν,k)c
(1)
ν,k
〉
T
(36)
where we have taken into account (32). Comparing this with
(26) and returning to the Floquet-Bloch states we obtain the
final form of the dispersion of the group velocity in the form
b′′α,k = −1− 2
∑
ν 6=α
〈
Vν,kc(1)ν,k
〉
T
(37)
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